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^ 1 Introduction 

p' 

^ , The discrete Painleve equations, together with the Painleve equations, are now widely recognized 

as the one of the most important families of the integrable systems (see, for example, [ ]). Orig- 
inally, the discrete Painleve equations were discovered in the form of single second-order dif- 
ference equations and identified as the discrete analogue of the Painleve equation [1-3,33,38] 
Then they were generalized to simultaneous first-order equations by a singularity confinement 
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m 



X 



^H ■ criterion [8, 38]. A typical example is the following equation known as a discrete Painleve II 

^-' equation [33,38]: 

_ (an + b)x„ + c 

•fn+l + ^n-\ - 7-^ 2 ' U-^J 

I — Xfi 

where jc„ is the dependent variable, n is the independent variable, and a, b, c e C are parameters. 
We note that (1.1) was found as the equation satisfied by the constant terms of the orthogonal 
polynomials on the unit circle [ ]. By applying the singularity confinement criterion, (1.1) is 
generalized to 

_ (an + b)x„ + c + i-lfd 

Xn+l + X„-i - , (t-^j 

I — Xfi 

where J is a parameter, with its integrability preserved. Introducing the dependent variables X,, 
and Yn by 

Xn = X2n, Y„ = X2n-1, (1-3) 



then (1.2) can be rewritten as 

(2an + b)Xn + c + d _ (a(2n + 1) + b)Yn+i +c-d 

— , X„+i +Xn- _ 



n+1 + ^n - -pi , ^n+\ + ^n - " " 2 ' 0^-'^) 

1 — A„ 1 — y„ 



Equation (1.4) is known as a discrete Painleve III equation since it admits a continuous limit to 
the Painleve III equation [4, 30, 4U]. Conversely, (1.1) can be recovered from (1.4) by putting 
J = and (1.3). This procedure is referred to as '' symmetrization" of (1.4), which comes from the 
terminology of the Quispel-Roberts-Thompson (QRT) mapping [35, 36]. After this terminology, 
(1.4) is sometimes called the ''asymmetric" discrete Painleve II equation, and (1.1) is called the 
''symmetric" discrete Painleve III equation [21]. 

It appears as though the symmetrization is a simple specialization on the level of the equation, 
but the following problems were known: (i) According to Sakai's theory [ ], the Painleve and 
discrete Painleve equations are classified by the underlying space of initial conditions. Moreover, 
the discrete Painleve equations arise as the birational mappings corresponding to the translations 
of the affine Weyl groups associated with the space of initial conditions. The asymmetric discrete 
Painleve equations are characterized in this manner, however, it was not known how to characterize 
the symmetric equations as the action of affine Weyl groups, (ii) The Painleve and discrete Painleve 
equations admit the particular solutions expressible in terms of the hypergometric type functions 
(hypergeometric solutions) when some of the parameters take special values (see, for example, 
[14, 15] and references therein). However, the hypergeometric solutions to the symmetric discrete 
Painleve equation cannot be obtained by the naive specialization of those to the corresponding 
asymmetric equation. For example, (1.1) has the hypergeometric solution expressible in terms 
of the parabolic cylinder function (Weber function) [ ', ]. On the other hand, (1.4) admits 
the hypergeometric solution in terms of the confluent hypergeometric function [16, 22, 32]. The 
crucial point is that although the former function is expressed as a specialization of the latter, this 
specialization is not consistent with the symmetrization. 

In [ ], the mechanism of the symmetrization was investigated in detail by taking an example 
of (^r-Painleve equation with the affine Weyl group symmetry of type (A2 + A^f^^. Then it was 
shown that in general, various discrete dynamical systems of Painleve type can be obtained from 
elements of infinite order that are not necessarily translations in the affine Weyl group by taking 
the projection on appropriate subspaces of the parameter spaces. Such a procedure is called a 
projective reduction, and the symmetrization can be understood as a kind of projective reduction. 
Moreover, the above nontrivial inconsistency among the hypergeometric solutions are explained 
by the factorization of the linear difference operators associated with the three-term relation of the 
hypergeometric functions. 

In spite of understanding the mechanism of the symmetrization or the projective reduction, 
it is still nontrivial to construct the hypergeometric solutions to the symmetric discrete Painleve 
equations. In particular, since the continuous limit of the symmetric discrete Painleve equation is 
different from the corresponding asymmetric one, it is important to construct the hypergeometric 
solutions to symmetric equations and consider their continuous limits. 

The purpose of this paper is to construct the simplest hypergeometric solutions to the symmetric 
^-Painleve equations. In [n, i.i] the simplest hypergeometric solutions to all possible q-Painleve 
equations in the Sakai's list have been constructed. Similarly, in this paper, we present the list 
of the simplest hypergeometric solutions to the symmetric ^-Painleve equations reduced from the 
asymmetric ones with the affine Weyl group symmetry of type E^ \ E)j \ E^\ D[^\A]^'' and (A2 + 



AiY^K We also aim to consider the continuous limits of those symmetric ^-Painleve equations to 
the Painleve equations, together with their hypergeometric solutions. 

This paper is organized as follows: in Section 2, we show the symmetric ^-Painleve equations 
by applying the projective reduction to q-F((A2 + AiY^\ q-^iA^^^), q-P(Df), ^-PC^J,'^), ^-PC^^^) 
and q-P(E''^^), where the q-Psdnleve equation with the affine Weyl group of type X is denoted 
by q-F{X). In Section 3, we construct the hypergeometric solutions to the symmetric <7-Painleve 
equations derived in Section 2. In Section 4, we discuss the continuous limits of the symmetric 
^-Painleve equations and their hypergeometric solutions. In Section 5, we prove that hypergeomet- 
ric function appearing in the hypergeometric solution to the symmetric q-P(A]^ ) actually reduces 
to the Weber function by applying the saddle point method to its integral representation. Some 
concluding remarks are given in Section 6. 

2 Symmetric ^-Painleve equations 

In this section, we apply the projective reduction to the ^-Painleve equations q-F((A2 + Aif^^), q- 
P(A[^^), q-P(Df^), ^-P(£^^^), q-P(E^^^) and ^-P(£^'^), respectively, to obtain their symmetric forms. 
In the following, we use the notations 

-t = qt, t = q-h, f = fit), 7 = /(?), / = fit), 

~ ~ (2.1) 

p^ =q, t = pt, t = p-h, f = fit), / = fit). 

iype(A2+Ai)(i) 

^-P((A2+Ai)«) is givenby [14, 15,21,39] 

l+tf _ 1 + a2tg 

it + /)/ ia2t + g)g 

The continuous limit yields the Painleve III equation. Applying the projective reduction with 

fit) = Xit), git) = Xip-'t), a2=p, (2.3) 

we obtain the symmetric ^-P((A2 + AiY^^) [16,25,27,37] 

XX = p^c^ . (2.4) 

~ ^ it + X)X ^ ^ 

The continuous limit yields the Painleve II equation. 

Type A^^^ 

q-nA\'^) [ ]: 

r/ + ai)(/ + ari) ^ (g + ai)ig + a^-^) 

igf-mf-i) = t' 7—- . igf-l)igf-\) = q~'t'- — . (2.5) 

J + a2t — g + a^t 



Symmetric ^-P(A^'^) [37,43]: 

(XX - DiXX - 1) = t^ , (2.6) 

A + a2t 

where 

f(t) = X(t), g(t)=X{p-h), as = p-'a2. (2.7) 

The continuous limits of (2.5) and (2.6) yield the Painleve V and IV equations, respectively. 



TypeZ) 



,(1) 



^-P(D^^') [11,14,39,41]: 

_ _ if-q^'W)if-q^'^ar^t) {g - a^^jg - a^'h) 

{f - a2){f - a2~^) ' - {g - a^){g - a^-^) ' 

Symmetric ^-P(D^^^) [38]: 

{X - aM^ - ai-^t) 

XX = —, (2.9) 

~ (X- a2)(X - a2-i) 

where 

fit) = X{t), g{t) = X{p-h), aa = ai, a^ = a2. (2.10) 

The continuous limits of (2.8) and (2.9) yield the Painleve VI and III equations, respectively. 

Type 4^^ 

^-P(4'^) [14, 15,24,39]: 

(f-b5t)(f-b5 V) 
,^ ,,, ^ ,, , ,(g - bf'Xg - b2-')(g - bf'Xg - bf') 

igf - Digf - 1) = q-'t^ — -- — — r- ' 

{g- b(,u)ig - b(, u) 

where 

^1^2^3^4 = 1, u=p'h. (2.12) 

Symmetric <5r-P(£^^^) [3S]: 

JX - b,)(X - b,-')(X - b^XX - b^-') 

{XX - 1){XX - 1) = t^- — 4 —-■ (2.13) 

(X-b5t){X-bf't) 

where 

fit) = Xit), g{t) = X{p-'t), b,b2 = l, b,b, = h bsbe = l. (2.14) 

Direct continuous limit of (2. 1 1) to the Painleve equations does not exist, while that of (2. 1 3) yields 
the Painleve V equation. 



(2.11) 



Type 4^^ 

^-P(£;^^) [14, 15,39]: 

( (gf - tt)(gf - t") _ (/ - b,t){f - b2t)(f - ht){f - b,t) 

(gf - l)igf - 1) ~ (/ - ^5)(/ - b,)(f - bj)if - bs) ' 

(gf - t^)igl - tt) _ (g - bfh){g - b2~'t){g - bfh){g - bfh) 
, igf - i)(^/ - 1) ~ {g- bf'){g - bf'){g - bj-')(g - bf') ' 

^i^2^3^4 = q, bsb(,bib% = 1. 



(2.15) 



where 



Symmetric ^-P(£5^^) [6]: 

(XX - 1F){XX - f) (X - bit){X - bf^t)(X - bjt){X - b^-^t) 

(XX - i)(xx - 1) ~ (X - b,){x - bf'){x - bj)(x - bj-') ■ 



where 



fit) = X(t), g(t) = X{p V), bib2 = p, b^b^ = p, bsbe = 1, bjbs = 1. 



(2.16) 



(2.17) 



(2.18) 



Direct continuous limit of (2. 1 5) to the Painleve equations does not exist, while that of (2.17) yields 
the Painleve VI equation. 

Type 4^^ 

<5r-P(4i^) [14,15,24,29,39]: 

(gut - f)(gut - /) - (uY - l)(uY - 1) 



P{f,t,mu--- ,mj) 

(jrh-^-g - f)iu-h-^g - /) - (1 - u~h~^)il - u-h'^) ~ P(.f, t-\rm, ■■■ , miY 
{fut-g){lut_-g)-{uh^-\){u^t}-\) _ P{g,u,nn,--- ,nn) 

Su-'t-'f - g)(u-H_-'f -g)-il- M-2r2)(l - M-2r2) ~ Pig, U-\mu---, my)' 



(2.19) 



where 



/'(/, r, mi, • ■ • , mv) =/ - m,tf + {m^t" - 3 - t^)f 

+ {m-jf - m-it^ + 2mi0/ + t^ - m(,t^ + m^t'^ - m2t^ + 1. 



(2.20) 



Here mj (j = 1, ■ • ■ ,8) are the elementary symmetric functions of j-th degree inbk (k = 1, ■ • ■ ,8), 
ms = 1, and u = p~^t. Symmetric q-?{E^^^): 



<-2<-2 



{ttX - X){ttX - X) - itH' - \){tH' - 1) 



P{X, t, m[,m2, nil,, ni/^, nii,, m2, m\) 



(ririX-X)(ririX-X)-(r2r2- l){t-Hj^ - 1) PiX^t \mum2,m-i,m^,mj„m2,mi) 
where 



m=X{t\ g{t) = X{p-h\ mi = m^.i (/= 1,2,3). 
Direct continuous limits of (2.19) and (2.21) to the Painleve equations are not known. 



(2.21) 
(2.22) 



3 Hypergeometric solutions to the symmetric ^-Painleve equa- 
tions 

In this section, we construct the hypergeometric solutions to the symmetric ^-Painleve equations. 
We use the following conventions of ^-analysis [:]. The basic hypergeometric series ^(fr is defined 

by 

where 

s k 

(ai,- •■,«,;<?)« = II (<3,;<?)„, (a;.?)^ = ||(1 - a*?'"^), (3.2) 

are the ^-shifted factorials. The following special case of the basic hypergeometric series is known 
as the very-well-poised basic hypergeometric series 

r+lYVr(,ai,a4,a5,- ■ ■ ,ar+l,q,Z) - r+lVr\^ 1/2 ^ 1/2 ^^ ^ -1 ^^^ -l^l^Z]- {J.J) 

\cii ,—o.\ ,qci[Ci4 ,•■• ,qci[Cir+i I 

We also use the Jacobi theta function 

0(a; q) = (a; q)^{qar^; q)^, (3.4) 

which satisfies the ^-difi"erence equation 

&(qa;q) = -a~^Q(a;q). (3.5) 

3.1 Symmetric q-P((A2 + AO^^^) 

Proposition 3.1 Symmetric q-P((A2 + AiY^^) (2.4) admits the hypergeometric solution 

X = p"'-, (3.6) 

G = Ae(-/2)('°s'/'°s'^^i ( ^ ; p, ip"h\ + fie^-'^'/zxiogr/iogp)^^^ / . ^^ _.^3/2^j ^ (37-, 

with 

c=l. (3.8) 

Here, A and B are quasi-constants satisfying A{t) = A{pt) and B{t) = B(pt), respectively. 

Proof. It is easily verified that (2.4) admits a specialization to the discrete Riccati equation 

~ l+tX 

X = -P^^, (3.9) 

when c = 1. Then putting as (3.6), (3.9) is linearized to the three-term relation for G 

G + p^'^tG + G = Q. (3.10) 



Moreover, substituting the power series expression 

CO 

G = Y,Cnf^'^ (p,C„eC), (3.11) 

n=0 

into (3.10), we obtain (3.7). n 

In the following, we present the hypergeometric solutions to other cases. Since the results are 
verified by direct calculations, we omit the proof showing only the discrete Riccati equations and 
the linearized three-term relations. We also assume that A and B are quasi-constants. 

3.2 Symmetric q-P(A^^^) 

Proposition 3.2 Symmetric q-P(A]^ ') (2.6) admits the hypergeometric solution 

_ F 

X=r=, (3.12) 

F 



F=A(pa2-V;;?)oo2^i 1 ;;?,pa2-V + 5 (pa2-V;p)oo (-1)'°^"'°^ Vi _ W^pai't 

(3.13) 
with 

ax=p~^a2. (3.14) 

The discrete Riccati equation and the linearized three-term relation are given by 

~ 1 - paj'^t 

X = , (3.15) 

X + a2t 

and 

{pa2'h - l)F + a2tF + F = 0, (3.16) 

respectively. 

3.3 Symmetric q-P(Df) 

For convenience, we set 

X = -iW, al=^y^^ a2 = ip''''^. (3.17) 

Symmetric q-P(D^^^) (2.9) can be rewritten as 

(W + p^^'HXW - p-^^'^t) 
WW = ——. — ^^. (3.18) 



Proposition 3.3 ( [17, 19]) Symmetric q-F{D^ ) (3.18) admits the hypergeometric solution 

G 

W = --p''l\ (3.19) 

G = A J^^ilip'l't'l^- p) + B J%(2ip"'t"'; p), (3.20) 

with 

vi=V2 + l. (3.21) 

Here, Jy {x; q) is the Jackson 's q-Bessel faction [5] 

The discrete Riccati equation and the linearized three-term relation are given by 

,,W + p'^'^^^^'^t 
W = p-"''^^- j^, (3.23) 

and _ 

G - ip"''^ + p"'-'^)G + (1 - p^'^t)G = 0, (3.24) 

respectively. 

3.4 Symmetric q-V{Ef) 

Proposition 3.4 Symmetric q-V{E^ ) (2.13) admits the hypergeometric solution 

X = {bf'b,t-\)- + b,t, (3.25) 

G 

G=A2(pA ' ■,p,bib5h\ + B-——-2(pA '' ;;?,Z>iZ75 n, (3-26) 



b5^ = pb.bs. (3.27) 

The discrete Riccati equation and the linearized three-term relation are given by 

~ biiX + bibs - (pbi^ + bs^)t 

X = — , (3.28) 

bibsiX-bst) 

(bst - b,)bsG + b,{bi' - \)tG - b,{b,t - bs)G = 0, (3.29) 

respectively. 



dh 



3.5 Symmetric q-V{E);') 



Proposition 3.5 Symmetric q-F(Ej ) (2.17) admits the hypergeometric solution 



X-h ^t (bsbst-l) 



{ht-b,-')- + t-bf'b5 



U -1;, -U' 



XX -I (X-b5)iX-bf'b3-'bf') 
{b,b,t - \){b,b,t - \) ^^ _ ^_ (t-bibsXt-b^bs) 



is given by 

(1 - abu){l — acu){\ — adu){\ — p'^abcdu) 
a{l - p~^abcdu^){l - abcdu^) 
a{\ - p~^bcu){\ - p'^bdu){\ - p~^cdu){\ - u) 
(1 - p~^abcdu?){\ - p'^abcdu^) 

Here A and B are quasi-constants with respect to u. 



(G(pu) - G{u)) + ia + a'^ -z- z'^)G(u) 
(Giu) - G{p-^u)) = 0. 



(3.30) 



X-b, (bj-Dit-bsb^) 

G = AGi + BG2, 

_ {byb.l -b,t-p)Ubibsb3y°^'"°^" 

ibi~^b5~%-b3~^t;pU 
X 8^7 (-b3%;p^'%, -p^'%, -bib^bs, b^b^l b^b^T^-^p, pbf^bf^bf^) , (3.31) 

_ (tt, -p'l^bf'bf'bf'l p'l^bf'bf'bf'l bf% bc't; p)^{-b,t^'i'°^p 

{bf'bf'lp'i^l-p'i^lbf'bf'lbf'bf'bs-'hp)^ 
x^W,[bf%-'bs-%bi-'bf'lp'l^l-p'^^lbf'bf't,pbi-'bf'bf'-,p,-b,), 

with 

b.b^b.bi = 1. (3.32) 

The discrete Riccati equation and the linearized three-term relation are given by 

XX -f {X-bi-^t)QC-bf^t) 



(3.33) 



-(G - G) + {r - \)G + (G - G) = 0, (3.34) 

(Z7iM5-l)(l+^5) {b,b,b,-\){\+bsy ~ ' 

respectively. To obtain the solution of (3.34), the following proposition is useful: 

Proposition 3.6 ( [10]) The three-term relation for G = AGi + BG2, where 

{az~^f°^"'^°^''(,abu, acu, adu, bcdz~^u)oo 

G\ = 

(bcu, bdu, cdu, azu)oo 

X sW-j{p~^ bcdz~^ ', bz~^ , cz'^ , dz~\ p~^ abcdu, u~^ ; p , pa~^ z), (3.35) 

(azf°^"' ^"^''(abcdu^ , pbzu, pczu, pdzu, bcdzu)oo 

G2 — ^ 

(bcu, bdu, cdu, pu, pbcdzu^)co 

X ^Wi(bcdzu^',bcu,bdu, cdu, pu, pa'^z; p,az), (3.36) 



(3.37) 



Substituting 



d = -ibi^'^b3^'%, z = ibf^'^bi 



1/2 



u = bj, b^ t, 



in Proposition 3.6, we obtain the solution of (3.34). 

For later convenience, we rewrite the solution in the following manner: 

{bi-^b5~^t,-b3~^t;pU 



(bib5t,-b3t;p)ooibib5b3y°s'/iogp 

Then Proposition 3.5 is rephrased as follows: 

Proposition 3.7 Symmetric q-F{Ej ) (2.17) admits the hypergeometric solution 



bsbst-l 



X-bf^t _ _ 
X-bs ~ biibs^ - l)(f- bsbs) 



(t-b,b5){t + b3) F 
b3t+ 1 F 



+ bit-b5 



F = AFi + BFj, 

F, = sWj(-b3%;p"%,-p"%,-b,b3b5,b3b5t,b3b5t-';p,pbr%-'bf'), 
(-b3-'t,ti,-p"^bi-%-'bf't,p"^b,-'b3-'bf%b3-'t,bf't;p)oo 



Fo = 



2 - 



(bibst, -b^l p'l^l -p'l^l b^-'bf'l bf'b^-'bf'h p)U-bib3y°^'"°^P 

X ,Wj [b,-%-'bf% bi-'b5~% p"\ -p"^t, bs-'bs-'l pb^-'b^-'bf'-p, -bs) . 



when 



bib^bsbj = 1. 
We note that the linear three-term relation for F is given by 



(b.bst - Dib^bst - I) 



( ib:bs-~t)(b3 + t) ~ 



(bibsbs-Dil+bs) 



(I - bib5m + bst) 



-F-F 



+ it' - 1)F 



+ 



(t - bibsXt - bjbs) 



(bib.bs - Dil + bs) 



F - 



{\-b,b,t){\ + b^t) S\ 

(bibs - t)(b3 + t) - 



0. 



(3.38) 



(3.39) 



(3.40) 



(3.41) 



(3.42) 



(3.43) 



3.6 Symmetric ^-P(£g ) 

Proposition 3.8 Symmetric q-V(Eo ) (2.21) admits the hypergeometric solution 



X - fis ^ (a, - a,)(/3i - fis) 
X-/3i (ai-asXfi.-fis) 



(ai -as)— + a3-fii 

Lr 



(3.44) 



10 



G = AGi + BG2, 



Gi = 



J_}j \^ogtl\ogp 



i-P, bc'bs-'P, br'bf'P-, byb.bsP; p^)o 
x^Wi{p-^bi-'b,-^bf\bf\bf\-bc'bf'bf\bf'bf't\bf'bf't-^;p\-p^bf\ (3.45) 

(t\-b,'t',-b,PM-'~t',-bi-%-'bf'f;p\ 



(-F, b,-'bs-'P, bf'bf'F, b.bsP, -bf'PP; p') 

X 

with 

Here, a,- and fit are given by 



-bi 



log t/ log p 



x^Wj{-bi-'f;-t\bC'bf't\bf'bf't\b,b5f,-p^bc'\p\b,), 



bib^bsb-i = p~ 



1 t bi 

ai = bit+-—, /3i = —+—. 
bit bi t 

The discrete Riccati equation and the linearized three-term relation are given by 



X 



X 



1 Qfi aifii 
1 a3 a^fis 
1 as asfis 



+ 



X 



1 ai A 
1 a3 yS3 

1 «5 /35 



+ 



ai fii aifii 


^3 ^3 03/33 


as fis asfis 


1 ySi a,fi, 


1 y83 a3j33 


1 A «5>e5 



(Z7iM'-l)(Z>iZ>5?'-l)(f'-M5) ~ 



+ 



(F - l)(Ff2 - 1) 
(F - Z>iZ>3)(?2 - bib,){b3b,P - 1) 



<G-G) + M5(^i -1)G 



(G - G) = 0, 



(f2 - 1)(F?2 - 1) 

respectively. We note that (3.45) is obtained by substituting 

a = -ibi, b = ibf^ , c = ib3~^, d = -ib\~^b3~^bf^ , z = i, u = b3bsf', 
in Proposition 3.6. 



(3.46) 

(3.47) 



(3.48) 



(3.49) 



(3.50) 



4 Continuous limits 

In this section, we discuss the continuous limits of the symmetric ^-Painleve equations and their 
hypergeometric solutions. We introduce the hypergeometric series ^Fr defined by 



la\,- • ■ ,a., 
''[bu--- ,b/^l L-i{bi)n---{br)nn\ 



Z{a\)n- • •{as)n 
— TT-^z; 



(4.1) 



where (a)„ = a{a + 1) . . . (a + n - 1). 
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4.1 Symmetric q-P((A2 + Aif^^) 

It is known that symmetric q-F{(A2 + AiY^^) (2.4) yields the Painleve II equation 

z" = 2z^ + sz + a, (4.2) 

where z' = dz/ds, by putting 

^ = _2e--/4— V4^ ^ ^ ^(i+2.).V4^ X = e-'^'"^"^''\l + ez), p = e-'''\ (4.3) 

and taking the limit e ^ +0 [ ]. The limit of the hypergeometric solution is given as follows: 

Proposition 4.1 Under the parametrization (4.3), the hypergeometric solution in Proposition 3.1 
is reduced to the following solution to (4.2): 

G' 
z=—, (4.4) 

G=A Aiil'-^'^se''''^^) + B Ai{2-^'^ se''''^), (4.5) 

with 

a = -^ (4.6) 

Here A and B are constants, and Ai(A:) is the Airy function 

1 r°° 

Aiix) = — e'"''^*'"'du. (4.7) 

2m J_oo 

We note that (3.9) and (3.10) are reduced to the following equations 

z' = -z^ - '-, (4.8) 

G" + - G = 0, (4.9) 

respectively. We also note that (4.5) is obtained from (3.7) by using the following proposition: 
Proposition 4.2 ( [ ]) With the substitutions 

q = e'^''^, T = -2ie-^"'^>^\ (4.10) 

as 6 ^> +0, it follows that 

m [^ ; q, qn = 2n^'^6-~^'^e^°^^^''"^''>-^''''^^'>"-''"^^ [Aiiue-"''^) + 0(6^ , (4.1 1) 

m (^ ; g, -^t] = 2n"^6-"^e-'°^^^'''"'^'-^''"^'^^^'''"^ [Aiiue''"') + 0(6^)] , (4.12) 

for u in any compact domain ofC. 
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4.2 Symmetric ^-P(A^^^) 

Putting 

t = 2ie'''-^"''l^, ai = -e-2""''^"'^', a2 = ie-"'''\ X = \ - iez, p = e~'\ (4.13) 

and taking the limit 6^0, symmetric q-?{A^^^) (2.6) yields the Painleve IV equation [ ] 

{z'f 3 ^ , , p 

z" = -—+ -z' + W + 2(^2 - a)z + -. (4.14) 

2z 2 z 

Proposition 4.3 Under the parametrization (4.13), the hypergeometric solution in Proposition 3.2 

is reduced to 

F' 

z=-, (4.15) 

F 

F=A e-'^D.„{2^'^s) + B D^^iil^'^is), s t R, V^R, (4.16) 

with 

a=\+2-^l^ip^l^. (4.17) 

Here A and B are constants, and D^{x) is the Weber function 

D;^{x)= f e'"''^''"u~'^'^du, (4.18) 

where the contour of integration {denote it by y) runs from -oo to +c<3 so that m = lie to the right 
of the contour. 

Remark 4.4 The hypergeometric solution to the Painleve IV equation given in Proposition 4.3 is 
consistent with the solution appeared in [28, 31]. 

Note that (3.15) and (3.16) are reduced to the following equations 

z' = -z^-2sz + 2{a-l), (4.19) 

F" + 2sF' + 2(1 - a)F = 0. (4.20) 

respectively. We also note that (4.16) is obtained from (3.13) by using the following lemmas: 
Lemma 4.5 With the substitutions (4.13), it follows that 



im},0 ,\ (<l2"';p)»<'"'°""°'"'>"°'"' l-a^\0 , 

/_ 1 \3ff/22-Q'/2g(m'log2+ff2/4)/e--;ri-/e 



(4.21) 



^1/2^1-0- 



■Sr 



as 



6^+0 (when \m{s) < 0), (4.22) 

6^-0 (when \m{s) > 0). (4.23) 

The contour L runs from -oo to +co when Iva^s) < and +oo to —oo when Im(j') > Q so that m = 
lie to the right of the contour. 
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Lemma 4.6 With the substitutions (4.13), it follows that 

(—riJ-- n\ ^(21og(-/)a2)loga2-log(pa2"')log(-a2"^))/logp I „ 2 c\ 



(_iy°.'/iog.^^^|«2^^o.^^^^^-vj 






a* 



e ^ +0 (when Re(s) < 0), (4.24) 

6^-0 (when Reis) > 0). (4.25) 

The contour L runs from -cx) to +oo when Re(s) > and +oo to -oo w/zen Re(i') < i'o that u = 
lie to the right of the contour. 

The proof of Lemma 4.5 and 4.6 will be given in the next section. Moreover, for the asymptotic 
expansions of the ^-shifted factorials as ^ ^ 1 , we use the following proposition: 

Proposition 4.7 ( [23,34]) As q ^> 1", the q-shifted factorials have an asymptotic expansions, 

Lz2(0 log(l - 1) 

log(f ; q)oo = + + 0(log q), (4.26) 

log<? 2 

n^ I I 2n \ 

logiq; q)oo = + -log + O(log^), (4.27) 

6 log-? 2 \ logqj 

log(-^; q)^ = --^ ^ + 0(log q). (4.28) 

121og<5r 2 

This is uniform for t e C such that \ arg(l - t)\ < n. Here Li2{t) is the Euler dilogarithm defined by 

r' log(l - u) 

Li2(t) = - — ^ du (4.29) 

Jo " 

oo A 

= y,T2 (W<1)- (4.30) 

4.3 Symmetric q-V{Df) 

Putting 

,,, i{l-p) es 

t"^ = ^^—s, W=-z, p=\ + e, (4.31) 

and taking the limit e -^ -0, symmetric q-P(D'-^^) (3.18) yields the Painleve III equation [38] 

z s s z 
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Proposition 4.8 ( [17, 19]) Under the parametrization (4.31), the hypergeometric solution in Propo- 
sition 3.3 is reduced to 

G' V2 

z=—--, (4.33) 

G s 

G = A J,,_(s) + B J^y.is), (4.34) 



with 

Vl = V2 + 1 . 

Here, A and B are constants and Jv(x) is the Bessel function 

( 



Jy{x) = 



X' 



■qFi 



X 



2\ 



v+V 4 



2T(v + 1) 
We note that (3.23) and (3.24) are reduced to the following equations 

1+2V2 



z' + z' + 



■z+1 =0, 



2\ 



G' { V2 

G" + — + 1 - ^ 



G = 0, 



respectively. 



(4.35) 
(4.36) 

(4.37) 
(4.38) 



4.4 Symmetric q-V{E^^'^) 



Putting 



iy'e' - 16) 



1/2 



bs = 



Ae 

iy2^2 _ 16)1/2 



(1 + e)-^""-''', bi=-\+ 2^1^ pe, b^ = \ + l^'^ae. 



»l/2. 



ye- A 



z+1 

X = -, p=\+6, 

z- 1 



(4.39) 



and taking the limit e -^ -0, symmetric ^-P(£'^'^) (2.13) yields the Painleve V equation [37] 






2 ^'1 r 2z(z+i) 

a z \ + -z ; — . 

z j s z-l 



(4.40) 



Proposition 4.9 Under the parametrization (4.39), the hypergeometric solution in Proposition 3.4 
is reduced to the following solution to (4.40): 

sG' - 2^'^/3G 



7 



2''^/3+^,2"%_L 
2 ' 2s 



G = A 2F0 
with 
Here, A and B are constants. 



' sG' - (2^/^/3 + 2s)G 

\ ( 

+ Be^-^s^'''^^''-P-\Fo 
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\-2'l^l3-^A-2'l'-l3.}_ 
2 '2s 



y = 2(l +2'i'a-V"l3) 



(4.41) 

, (4.42) 
(4.43) 
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The hypergeometric solution in Proposition 3.4 is reduced to the following solution to (4.40) 



sz + 



,1/2 



7 



2 '>e + --i 



r 



2 ' jS + ^ + 2^ - 1 



z + 2"^/3 = 0, 



(4.44) 



g''.'-^-^"'^-''g'.^^11'';^'g = o. 



(4.45) 



2s ~ ■ 21/2^2 

respectively. We note that (4.42) is obtained from (3.26) by the following procedure. By using the 
Heine's transformation [20] 



la,b \ (abc \z\q)co (a~^c,b-^c , _i . 



(4.46) 



and setting 



e(t;p)ei-bib5 ^et;p)(bi ^bst^pb^bs ^r^\p)c. 
Qi-t; p)®{bi-^bset\ p){bxbf^l bC^b^r^^p)^ 



(3.26) is rewritten as 



-1;, 2 



^ . lb,-'bs\-bf' ,,_i^ 
G=A 2<4>i\ _ ;p,bib5 t 

Sibf^bset; pXbf^bst-^; p)oo lpbibf^,-pbi , _,, 

+ B ■ ■ 2^1 13'/^ ■,p,bx b^t 

@{-b,bf'et;p){pb,bf't-';p)^ \ -P 



(4.47) 



(4.48) 



Then (4.48) yields the hypergeometric series in (4.42) by taking a term-by-term limit. We use 
Proposition 4.7 for the limit of the coefficient. 



Remark 4.10 Setting 



(4.49) 



we can rewrite the Riccati equation, the dependent variable teansformation and the linear differ- 
ential equation as 



tf - tf(l - /) + (ai + a2)f - ai = 0, 
0' 


t(f)" + (ai +a2- t)<p' - ai(p = 0, 



(4.50) 

(4.51) 
(4.52) 



respectively. These coincide with the result in [22, 32]. We note here that in /"''', ''"7 the solution to 
(4.52) is given by the hypergeometric series around zero while in this section that is given by the 
series at infinity. 
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4.5 Symmetric q-P(E\^^) 

Putting 

b, = e^-"'"-^', bs = -e'"^'^'>\ b, = e'\ bj = -e^^ p = e\ 

and taking the limit e -^ -0, symmetric ^-P(£'^'^) (2.17) yields Painleve VI equation 



Ja+l/2)(: 



„(5e 



X" =-\ 



l( 1 



1 



1 



1 



+ 



+ 



■ + 



2\X+\ X-\ X + t X-t 



(X'f 



(I 1 

- + 



+ 



■ + 



t t-1 t+1 X-t x + t 



r 



iX' -t'){X'-\)( {4a' -l)t i4j3'-l)t / 

+ :r-: \—TZ ^^ -TZ ^- — r-T + 



?2 \ 



t\t^ - 1) (^ 4(Z + t)' 4(Z - ty (X + 1)2 {X - 1)2 
where X' =dX/dt[ ]. 



(4.53) 



(4.54) 



Proposition 4.11 Under the parametrization (4.53), the hypergeometric solution in Proposition 
3.5 is reduced to the following solution to (4.54): 



X(t) 



(t - l)tF' -{\ +a + 13 + t(a+ 13 + 26+ l))F 
(t - l)tF' -{l+a+l3 + 25 + t(a + /3 + l))F' 



(4.55) 



F =A 2F1 



^a+ l,a+p + 6+ 1/1 + t^ ^ 
a + 6+l 



1-n 



+ B 



(1 _ f\2(l+2a+/3+d) 



( 



■2^ I 



with 



(1 + ^)2(ff+/3)^l+Q'+/? 

a+/3 + 6 + y+l =0. 



-a-j3-6,-a ^t 
-a -13 ' (1-02^ 



Here, A and B are constants. 

We note that (3.33) and (3.43) are reduced to the following equations 

\+a+[3 + 26-t{a-[3) 2 «+/?+lv a - P - t{a + p + 26 + \) 



t{t' - 1) 



1 



„ 2 + a+p + 2{2 + 3a+p + 26)t + {a+p)t' ^, A{a + \){a + p + 6 + \) 



(4.56) 



(4.57) 



(4.58) 



F" - 



F' + 



-F = 0, (4.59) 



t{t^-l) t(t-iy 

respectively. We also note that (4.56) is obtained by the following procedure. By using the trans- 
formation (see, (III. 23) in [ ]) 



iWj 



a;b,c,d,e,f;q, 



bcdef] 



11 22 \ 
qa q a q a 

' ef bcde' bcdf 

( 2 2 2 2 \ 

' qa qa q a q-a > 



*Wv 



e ' / ' bed ' bcdef 



^ qa' qa qa qa qa\ 

bed' cd' bd' be' ' ' ' efj 



(4.60) 
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and setting 

B = B ■ — - — , (4.61) 

ei-byb3t;p)(-bib3y°"^''^°-P 

(3.41) is rewritten as 

F = AFi + BF2, 

Fi = sW-j (-b,%;p"%, -p"%, -b.b^b,, bsb^t, b^b^r'-p, pb^-'bf'bf') , 
. {-bf'l-p'Hc%-'bf%p'i^bf%~%-'lbf'lb3bsl-pbf%-\-bf't-p)^ 

F2 = z z 

{bib5l-b3lp^l^t,-p^l^,bf^bf^t,-p^bC^bf^bfh,-bi\p)oo 
e(-bib3t;p) 

m;p) 

x^Wi[-bf'bf^bf%-pbf%-'bf\-p''^b3-\p''^bf\b,-%-'lpbf'b3-'bf'-,pMb5t). 

(4.62) 

Then (4.56) is obtained from (4.62) by taking a term-by-term limit and using Proposition 4.7. 

5 Proof of Lemma 4.5 and 4.6 

In this section, we give the proof of Lemma 4.5 and 4.6. Taking the continuous limit term-by-term 
in the hypergeometric series in (3.13) does not yield any meaningful result. In this case, we use 
the saddle point method [9, 34, 44] . Consider the complex integral 

I{s)= f e-'^^l'"f{z)dz, (5.1) 

where f{z) and g{z) are analytic functions. The point z = Zo satisfying g'(zo) = and the direction 

(5.2) 



n I ( g"{zo)^ 
arg(z-zo) = 2~ 2^^ 



62 



/ 



are called a saddle point and a steepest descent direction, respectively. When the path C passes 
in the steepest descent direction, |e"^(^)'''^ f(z)\ reaches its peak at the saddle point. Therefore I(s) 
may be evaluated only around the saddle point when e ^ 0. For the asymptotic expansions of the 
^-shifted factorials as ^ ^ 1 , we use Proposition 4.7. 

We here fix the branch of log and fractional power functions as 

log z = log |z| -I- / arg z (0 < arg z < 2n), (5.3) 

^m/n ^ ^(m/n)logz ^ |^|m/„^(m/.),argj (^ g 2, « 6 Z>o, < arg Z < 2n), (5.4) 

where z e C*. Note that log(Zy) = logZ -i- log Y and log(X/y) = logX - log Y are valid only 
mod 2m. 
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5.1 Proof of Lemma 4.5 

We consider the continuous limit of 

M = 2<Pi\ _ ;p,pa2 t\, (5.5) 

with 

t = 2ie"'-^"'''\ a2 = ie-"'''\ p = e"', e -^ ±0. (5.6) 

We note that in taking the limit, the sign of e is chosen according to the value of s as shown later. 
By using the Heine's transformation [20] 

(a,0 \ iaz;qU (z \ ,^ „, 

2iPi\ ^ ■,q,z\ = —itpi\ ■q,c\, (5.7) 

\ c I (c,z;q)oo \az j 

Ai is rewritten as 

(pa2t;p)o. lpa2~U 

(-p,pa2-h;p)oo '^^\ Pa2t 
We next prepare a suitable integral representation for Ai. 



^1 = . :.,::;:,. mrt :;p,-p\. (5.8) 



Lemma 5.1 It holds that 

(a \ {a;q)Uq\qU r z-'°^'"°^%cz-';qU , 

1(^1 ;^,x =— — — , .1 , , — ^ — dz, (5.9) 

\c I 2m(c;q)oo Jc (az , <?)oo(z; <?)co 

where the contour C runs from -zoo to zoo so that the poles of \/(z',q)oo He to the right of the 
contour and the other poles lie to the left of the contour (as shown in Figure 1). 



Proof. We consider the integral 



d («z , <?)oo(z; <?)o 



■dz, (5.10) 



where the contour C^ is a large clockwise- oriented semicircle of radius q'^'^l'^ with center at the 
origin and circle round only part of the poles of 1 /(z; q)oo (as shown in Figure 2). By the residue 
theorem, we have 

1 r z"^°"-'^'°^Kcz-';q)oo ic;q)oo ^ (a;^)„ , ,^,, 

(b ; ^ ^^dz = —^ y — —^ (-irq"^"-^^'^x". (5.11) 

2;tz X" (<^z ^ ; q)coiz; q)co (a; q)oo{q\ q)oo ^ (c; q)niq; q)n 

Therefore we obtain 

la \ ia;qUq;q)oo^. T z"'°^^/'°^^(cz-i;^)„ 
\c I 2m(c;q)oo a^^^Jco («z ';^)oo(z;^)oo 

In order to estimate the contribution from 

C^ = {z = ?-^-^^V : W < ^} , (5.13) 
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we need a bound on the integrand for large |z| 



sup 



-logx/log^ 



(z; q)c 



< 



|_^|iV+l/2g-ff2/logg 



iq~''^;qUnn=iil-q~''''") 



N'-n-, 



0{q"-'% 



as it is dominated by the product in the denominator. From 



L 



z-^°^''^°^Hcz-^;q)o 



■dz 



Icj, i^z ^■,q)oo{z;q) 
and (5.12), we have completed the proof. 



< nq~^~^'^ sup 



l^l=g-N-l/2 



^-logx/log</(^^-l.^)^ 



(az ^;q)coiz;q)o 



= 0{q''l\ 




(5.14) 



(5.15) 




n 



Figure 1 . Path of integration C 
By using Lemma 5.1, it holds that 



Ai = 



{P\P\ 



Figure 2. Path of integration C^ 



I 



2m(-p;p)oo Jci z(pa2'hz~^; p)ooiz; p)co 



dz. 



(5.16) 



where the contour Ci runs from -zoo to ioo so that the poles of \l{z\q)oo lie to the right of the 

contour and the other poles lie to the left of the contour. We divide the integral path C\ into L\ 

which runs from -ioo to ioo so that all poles lie to the right of the contour and Ci which is a 

anticlockwise-oriented contour and encircles all poles except for the poles of 1 /(z; q)^^ (as shown 

in Figure 3). 

(1) Path Li. Set 

r ipa2tz'';p)ooe''''°^'"°^P 
h(s)= ^ _,_, . , dz. (5.17) 

Jli z{pa2 Hz sp)oo(z;p)oo 
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Figure 3. The contours of integration Li and C[ 



Using Proposition 4.7, we rewrite Ii{s) as 

his) 
where 



=x 



-glW/e' 



Mz)[l + 0(6)] dz. 



( 2] 



/^^ 



T'^^ 



v^/ 



/„ n\ 



Lijiz) + ni log z + ise log 



gi(z) = LZ2 

f,{z) = e-^'^'i'^^-^Kz - 2y"^"{z + 2)-'/^-^''(l - z)-'/ V-\ 
By the identity of dilogarithm [12] 



z-2 



z + 2 



L/2(Z"^) = -L/2(z) - 



(logz) 



n 



2 ;r/logz + y, 



g\{z) is rewritten as 

^i(z) = LZ2 



v2, 



-L/, -- 



3n' z 

- Li2(z) + ni log 2 + — - + z^elog 



(z-2^ 



,z + 2^ 



3n' z^ 

ni log 2 + — + nse - isez - "t + 0{z) (\z\ < 1). 



(5.18) 



(5.19) 
(5.20) 

(5.21) 



(5.22) 
(5.23) 
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Let us first find a zero point of g[(z) (saddle point). Differentiating (5.22) by z and using (4.29), 
we obtain 



1 

g'liz) = -log 

z 



,2 \ 



1 + 



z-2 



+ 



4ise 

z^-A 



z 1 + ise 



-ise- — 

2 4 



We note here that since 



1 ^ 
\\mg^{z) = -log 1 + 

z \ z-2 



^ + 0{z') (lzl<l). 



2 \ 



e^O 



(5.24) 
(5.25) 

(5.26) 



all saddle points coalesce at z = as 6 ^ 0. 

Lemma 5.2 There only exists a saddle point in the domain \z\ < \e\'' (0 < a < 1/3) and that is 
order one. 

Proof. Since all saddle points are near the origin for sufficiently small e, there exists a > such 
that all saddle points are in the domain |zl < \e\'^^. We note here that we can add the condition 
a < 1 /3 without loss of generality. Set 



Hz) = -g\{z) - ise - -. 
Functions g\{z) and A{z) are regular in \z\ < \e\" and it holds that 

\g\i.z)\ = —11 + 0{e'')\ > —11 + 0(e'')\ = \A(z)\, 

on the circle \z\ = lef. Then the statement follows from Rouche's theorem. 
By substituting 

z 



(5.27) 



in (5.25), the saddle point is given by 

Zi = -2is€ + 2s^e^ + 0{e^), 
Since 



\;{zi) = --+ 0{e), 



the steepest descent direction is given as 



n I (1 + 0{e) 
arg(z-zi) = ---arg^-^ 



n 
2' 



In order that Li passes in the steepest descent direction, it is necessary that 
Re(zi) = 2Im(^)e + 2 {RQ{sf - \m{sf) e^ + 0{e^) < 0. 
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(5.28) 

(5.29) 

(5.30) 
(5.31) 

(5.32) 
(5.33) 



Therefore we obtain the following condition 

6 > (when Im(^) < 0), (5.34) 

6 < (when Im(^) > 0). (5.35) 

Now, we consider an approximation of the integrand of h(s). We assume that z is in the set 

D = [z = e'^Aie) \ k e R>o, < |A(0)| < oo or A(6) = O) . (5.36) 

For simplicity, we first change the variable z to z so that the saddle point is given as z = -Use. 
From (5.31), we set z so as to satify 

1 

g[(z)dz = -2 (^ + 2/^6)^2. (5.37) 

Moreover, from (5.23) and some technical reasons, we also require 

z' 3n' ^ ^ 

gi(z) = -— - isez + nilog 2 + — - + nse + lise^ + e \ (5.38) 

that is, 

f + Aisez - Sise^ - Ae^ = Aisez + z^ + 0{z^). (5.39) 

We now add a condition between z and z so that the correspondence z <-^ z is 1 : 1 . To this end, we 
consider the point z = m>o corresponding to z = 0. From (5.39) vvq satisfies 

wl + 4/56^0 - 8/56^ - Ae^ = {wo - 2e^){wo + Aise + le^) = 0. (5.40) 

We here choose wq = 2e^, that is, from (5.39) z is expressed by z as 



-2ise + 2ise ^. \ -^^-^ . (5.41) 

V s s^ As-^e-^ 

Furthermore, z can be also expressed by z. Noticing that z = 6*'A(e) e D, we obtain from (5.39) 



2ie_ £2 _ z^+Aisez + 0{ A{efe^'') 
s s^ As^e^ 



z = -2ise ± 2ise ^ 1 + — + 3 -^ '- . (5.42) 



Since z = corresponds to z = vvo, it holds that 



2ie 62 z2 + Aisez + O (A(e)3 1^*:) 
s s^ As^e^ 



z = -2is6 + 2ise a/ 1 + ^ + ^j a 2 --^ ■ ^^-^^^ 



For later convenience, we consider the point z = wq corresponding to z = 0. By the assumption. 
Wo is given in the form 

Wo = 6*^Mo(e), (5.44) 

where ^o 6 ]R>o and < |Ao(0)| < 00. From (5.39), we have 

e^^Ao^ + Aise'^^^Ao + %ise^ + Ae^ = 0(e^''°). (5.45) 
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Comparing the degree of e of (5.45), we obtain ko = \ oxkQ = 2. From (5.43), it holds that 

Wo = -2is€ + Use Vl + 0{e) = 0(6^) , (5.46) 

which indicates 

ko = 2. (5.47) 

Therefore we can determine wq from (5.45) as 

Wo = -26^ + 0(6^). (5.48) 

Let us next consider the approximation of integrand of his). We expand /i(z) in the form 

Mz)-=J]c,iz-wof^''. (5.49) 

Since the characteristic exponent of /i(z) at z = (2 = Wq) is a - 1 (see (5.20)), it holds that 

p = a-l. (5.50) 

Replacing z with uhy z = l^l^ieu, we obtain 

his) =e(-iog2+-/2)/.^ -;:./. ^ ^^ / ^(iH4is,z)/4^^ ^^ _ 2e^f+P[i + Oie)]dz (5.51) 

=(_l)(P+l)/22(^+l)/2^p+lg(;rnog2+;r2/2)/e2-;ri/e 
oo ^ 

X Yj Cki-lf^l'^'^e'' I e-"''^-^"'"'(u + l^'^ief^f'il + 0(e)] Jm (5.52) 

k=0 ^^1 

=(_l)(P+i)/22(p+i)/2^p+ie(-iog2+;rV2)/.^-;:s/.^^ f ^-u^i-i^'hu^p^^ ^ Oie)]du, (5.53) 

Jli 

where the path of integration Li runs from -oo to oo when lm{s) < and oo to -oo when lm(s) > 
so that u = lies to the right of the path. In the derivetion of (5.53), we note that since /i(z) 
does not diverge at 6 ^ 0, Q also does not diverge. Finally Co in (5.53) can be determined in the 
following manner. From (5.37) and (5.49), we heve 

Mz)(z + 2is6) ^ ,, , 

- 2g[(z) = ^ ^'^' - ^'^ ^^■^^'^ 

Substituting z = wq (z = 0) in (5.54), we get 

Co = {-\r^^l^2-". (5.55) 

Therefore we obtain 

h{s) = (_l)3«/2+l/22-0'/2^ag(;:Hog2+;:2/2)/,2_„,/, C ^-u^/2-2'n,u^a-l^^ ^ 0(e)]du. (5.56) 

(2) Path Ci. Set 

r {pa2tz-^\p)ooe'''^"^'l^"^P 

Jci z{pa2 ^tz ^\p)co{z\p)oo 
To evaluate /2(^), we prepare the following lemma: 
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Lemma 5.3 It holds that 



L 



{cz-^\q)ooe^'^°^''^°^'' 2nKac-^;q)ooe"'^°^"'^°^'i (^ --^-i 



■dz = 



2(pi 



a,qac 




(5.58) 



)c z(az~^;q)oo(z;q)co '^ {q; q)^{a\ q)^ 

where C is a anticlockwise-oriented contour and encircles all poles except for the poles of 1 /(z; ^)oo. 
Proof. We consider the integral 

icr, ziaz-^;q)ooiz;q)o 






■dz. 



(5.59) 



where Cn is a anticlockwise-oriented contour and encircles the poles of l/(az ^',q)N- By the 
residue theorem, we obtain 



1 r (cz-i;^)eoe"''°^^^^°s^ _(ac-';q)ooe''''"^"''°^''^(a;qMqac-';q), 



^ .dz=- ^^ y 

2m Jc^ z(az ^■,q)ooiz;q)oo {q\ q)oo{a; q)oo fr;^ {q\q)k 



Then the statement follows from the limit of N ^ oo. 
By using Lemma 5.3, l2is) is rewritten as 

2ni{a2~^\ p)ooe'''^°^^P"^'''^' ^°^p 
his) = — 7j— — 2(Pl 

Finally by using the Heine's transformation [20] 



k=0 



pa2 ^t,pa2 ^ 2 

Q ;p,-a2 



/ ^Y 



V «y 



2(Pl 



a,b 
' 



(az, b; q)oo (z,0 , , 



we obtain 



/2(^) 



2ni(a2~\-p;p)ooe''''°^'-P'''''^''°^P (-a^^O i 

(-a2\p;p)U-m"^"^P ^^^\ -P '^'^'^ ' 



This completes the proof of Lemma 4.5. 

5.2 Proof of Lemma 4.6 

We consider the continuous limit of 

(-a2\0 _i 

A2 = 2(P\\ _ ;p,pa2 t 

with (5.6). By using the Heine's transformation [20] 



a,0 \ 1 la 'c 



*i<-'*^rte^ 



1^1 1 ^ ■,q,az 



A2 is rewritten as 



(pa2 h;p) 



1 (pa2-^ 

1^1 ■,p,-pa2t\. 



We prepare a suitable integral representation for A2. 



(5.60) 



n 



(5.61) 



(5.62) 



(5.63) 



(5.64) 



(5.65) 



(5.66) 



25 



Lemma 5.4 It holds that 

la \ ia;q)Uq;qU rz-'°^-'^'°"-Hcz-';q)oo ^ ^^ ^^^ 

1(^1 ;^,x =— — , _i , , ^ — dz, (5.67) 

\c I 2m(c;q)oo Jc (<^z , <?)co(z; <?)oo 

where the path C runs from -oo to +cc so that the poles of 1 /(z; q)cx, lie to the right of the path and 
the other poles lie to the left of it. 

The proof of Lemma 5 .4 is same as the proof of Lemma 5 . L By using Lemma 5 .4, it holds that 

(pa2-^;p)o.{p;p)o. r z-'°^^-"''''^"''^P{-pz-';p)oo , ^_„^ 

A2 = -| -T—. dz, (5.68) 

2m{-p\p)oo{pa2 H\p)ooJc2 (P^2 ^z ^■,p)oo(z;p)oo 

where the path C2 runs from -00 to +00 so that the poles of l/(z; q)co lie to the right of the path 
and the other poles lie to the left of it. We divide the path C2 into L2 which runs from -00 to +00 
so that all poles lie to the right of the path and C2 which is a anticlockwise-oriented contour and 
encircles all poles except for the poles of l/(z; q)oo- 
We first consider the path L2. Set 



^-log(-pa2t)logz/logp/_ ~l. \^ 

Il2 (pci2~^z-^;p)oo{z;p)o 



h(s)= f ; _, ., . V , ' ' dz. (5.69) 

JL2 

In a similar manner to Ii(s), it holds that 

JL2 

under the assumption 



(5.70) 



e>0 (when Re(5) < 0), (5.71) 

6 < (when Re(5) > 0). (5.72) 

Here the path L2 runs from -00 to +00 when Re{s) > and +00 to -00 when Re(s) < so that 
M = lie to the right of the path. 
We next consider the path Q. Set 



-L 



g-log(-p«2f)logz/logp/_„^-l. p\ 

C2 {pa2~^z-^;p)oo{z;p\ 



his)= ., _, , , — ^ dz. (5.73) 



Lemma 5.5 It holds that 

g-log(-pa201ogz/logp/_„^-l. „\ 



X 



dz 



c {pa2 ^z ^;jc)oo(z;p)oo 

2m(-a2^;;?)ooe^'°^^"^''''^'°^''-'"°^'' ^ "^ -' "-"^ 

— 21^1 



pa2 ^, -pa2 ^ ^^2 
'^'7 



(5.74) 



a2^t(p;p)ooipa2 ^;p)oo 
where C is a anticlockwise-oriented contour and encircles all poles except for the poles ofl/(z', p)co- 
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In a similar manner to the proof of Lemma 5.3, we can prove Lemma 5.5. By Lemma 5.5, 74(5) 
is rewritten as 

a2^t{p\ p)oo{pa2'^\ p)o 
By using the Heine's transformation [20] 



" ^J fl n' n\ i r^/~i^ ^' — ' 



'^'7 



(5.75) 



{a,h \ {bz;q)oo (b , ,^ ^^, 

'^'^ 0'^'^)= fe^^^^(fe'^'"^l' ^^-^^^ 



and Lemma 5.4, we obtain 



a2^t(pa2 ^,a2t ^\p)oo Jc^ {-pa2 ^z ^\p)oo{z\p) 



(5.77) 

where the path C3 runs from -00 to +00 so that the poles of 1 /(z; q)oo lie to the right of the path 
and the other poles lie to the left of it. We divide the path C3 into L3 which runs from -00 to +00 
so that all poles lie to the right of the path and C3 which is a anticlockwise-oriented contour and 
encircles all poles except for the poles of 1 /(z; q)oo- 
We finally consider the paths L3 and C3 . Set 



-L 



g-log(pa2- t- )logz/logp(_p^^-l^-l^-l.p)^ 

Li {-pa2'^z-^;p)Uz;p)o 



l5(s)= : _. _, . . — ^ dz, (5.78) 



^ g-log(p«2- t- )logz/logp( -1^-1^-1 ^^ 

/6(^)= : , , . . — ^ dz. (5.79) 



iCi {-pai ^z ^■,p)ooiz;p) 

In a similar manner to Ii{s), it holds that 



Jlj 



IL2 

To evaluate /6(^), we prepare the following lemma: 

Lemma 5.6 It holds that 

g-log(pfl2-'ri)iogz/logp(-_p^^-i^-i^-i.p)^ 



I 



c {-pai ^z ^■,p)oo(z;p) 



■dz 



2mt(a2t-';p)^e-'°^^P"^-''-'^'°^'--^-'^''°^P lpa2-\-pa2-^ 2^ 

2^1 n ;p,«2 , (5.81) 



a2(-pa2 ^,p;p)oo \ 

where C is a anticlockwise-oriented contour and encircles all poles except for the poles of 1 /(z; p)oo. 

In a similar manner to the proof of Lemma 5.3, we can prove Lemma 5.6. By Lemma 5.6, 1(,(s) 
is rewritten as 

OwiHn^t'^- n\ ^-log(pa2"'r')log(-a2"")/logp / _i, _2 \ 

lmt{a2t ,p)aoe /pa2 ^ -P«2 2\ .r g^^ 

h(s) = ^ 2^1 r. ■,p,a2 \. (5.82) 

a2i-pa2 ,p;p)oo \ U / 

By using the Heine's transformation (5.62), we obtain 

2mt{a2t-\-p,pa2-^t;p)ooe~^''^^P"'-'''''^^"^^-"^"'^l^°^P (a^^ _, \ 

h{s) = ; -. 5 — 2<Pi\ l;p,pa2 t\. (5.83) 



aii-pai ^,p,a2^;p)co \ -P 

This completes the proof of Lemma 4.6. 
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6 Concluding remarks 

In this paper, we have constructed the hypergeometric solutions to the symmetric ^-Painleve equa- 
tions of the types (A2 +Ai)'-^\ A'-^\ D^^\ E'^\ E'^-' and E''^\ and discussed their continuous limits. In 
particular, we have shown that the hypergeometric function appearing in the solution to the sym- 
metric q-P(A'-^^) actually reduces to the Weber function by applying the saddle point method to its 
integral representation. 

Before closing, we give a remark on a q-Pmnleve equation of the type A^ . The following 
^-difference equation 

_ (/ + r')if + at-') ig + q'l^a[5t-'){g + q'l^p-'r') 

gg = 7-— 7 ' // = 7—^1 ' (6-1) 

1+7/ - 1+7 'g 

is usually referred to as a <5r-Painleve equation of type A]^ . Equation (6.1) also describes a trans- 
lation on the root lattice of type A^ \ but its direction is different from that of (2.5). It may be 
interesting note that the symmetric ^-Painleve equation obtained from (6.1) by the projective re- 
duction 

(X + t-')(X + at-') 
XX = — , (6.2) 

has no hypergeometric solution which is a sharp contrast to (2.6). Properties of (6.2) will be 
discussed in detail in a forthcoming paper [_..]. 
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